_Appolonian sphere packing -- Derivation of "special™ coordinates and inversion formula
| Author: Ronny Peikert

| > with(linalg):
| Abbreviations for square roots
| > g2 = 27°(1/2): 93 := 3"N(1/2): qb6 = 67 (1/2):
| Simplification procedure
> mysimp := proc(e)
expand(radsimp(simplify(e), ratdenom));
| end:
| Inversion spheres, expressed in Cartesian coordinates plus radius, (X,y,z,r)
> i1nvlc := [0, O, O, g3 - qg2];

inv2c = [g3, -93, -3, 2*qg2];
inv3c := [-q3, g3, -93, 2*q2];
invdc := [-93, -93, g3, 2*q2];
invsc := [qg3, g3, g3, 2*g2];

invic:=1[0,0,0,V3 —V2 ]
inv2c:=[V3, -V3, -V3,2V2 |
inv3c:=[-v3,V3, -V3,2V/2 ]
invdc:= [ -3, -V3,V3,2V2 ]
invsc:= [V3,V3,V3,2V2 ] €Y

; Initial spheres (generators), expressed in Cartesian coordinates plus radius, (X,y,z,r)
> i1nitlc := [0, O, O, -1];

init2c := [g2-93, 93-92, g3-92, g6-2 ];
init3c := [g3-92, 92-93, g3-92, g6-2 ];
init4c := [g3-92, g3-92, g2-93, Qq6-2 ];
inithc := [g2-93, 92-93, g2-93, g6-2 ];
initlc:=1[0,0,0, -1]
init2c:=[-vV3 +vV2,V3 —V2,Vy3 —V2,-2+6 |
init3c:= [V3 —v2, V3 +V2,V3 V2, -2+6 |
init4c:= [V3 —v2,V3 —V2,-V3 +V2,-2+6 ]
initsc:= [ V3 +v2,-V3 +v2, V3 +J2,-2+/6 ] )
;Transformation from (X,y,z,r) to inversive coordinates (a,b,c,d,e) -- taken from Boyd's (?) papers
> cartTolnv := proc(xyzr)

local x, vy, z, r, a, b, c, d, e;

X = xyzr[1]; vy = xyzr[2]; z = xyzr[3]; r = xyzr[4];
a = x/r;

b :=y/r;

c 1= z/r;




d := (X2 +y*2 + 272 -r"2 - 1) / (2*r);
e = (X2 +yr2+ 272 -2+ 1) / (2*r);
map(mysimp, [a, b, c, d, e]);
| end:
| Back transformation
> 1nvToCart := proc(abcde)
local a, b, ¢, d, e, X, vy, z, r;
a = abcde[1];
= abcde[2];
= abcde[3];
= abcde[4];
= abcde[5];
17 (e - d);
a*r;
=b *r;
I=Cc *r;
map(mysimp, [X, y, z, r]);
| end:
;Transformation of initial spheres
> initli = cartTolnv(initlc);
init2i := cartTolnv(init2c);
Init3it := cartTolnv(init3c);
initdir = cartTolnv(init4c);
InitSi := cartTolnv(initsc);
initli:=[0,0,0,1,0]
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[ Transformation from inversive coordinates (a,b,c,d,e) to "special” coordinates (A,B,C,D,E). The matrix
| T is chosen such that it maps the 5 basis vectors to the vectors initli, ..., init5i

> T = transpose(matrix([initli, init2i, Init31, initdi, InitsSi]))
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;>»TI = inverse(T):

> 1nvToSpec := proc(abcde)
map(mysimp, evalm(Tl &* abcde));

| end:

;Bmknmﬁmmmmn

> specTolnv := proc(ABCDE)
map(mysimp, evalm(T &* ABCDE));

| end:

;Compound transformation from Cartesian to special coordinates

> cartToSpec := proc(xyzr)
invToSpec(cartTolnv(xyzr));

| end:

| Back transformation

> specToCart := proc(ABCDE)
invToCart(specTolnv(ABCDE));

| end:

| Inversion of a sphere p at a sphere g, in inversive coordinates.

> i1product := proc(u, Vv)
u[1]*v[1]
uf2]*v[2]
ul3]1*v[3]
u[4]*v[4]
u[5]*v[5];

| end:

> reflectAt := proc(p, Q)
local r:
r := p - 2*iproduct(p,q)*q;

| end:

_ Inversion of the sphere p at the sphere q, in special coordinates

> reflectAt_s := proc(p, Q)

+ + +

V37

(4)



local pi, qi, ri, r;
pi := specTolnv(p);
gl := specTolnv(q);

= reflectAt(pi,qi);
r -= invToSpec(ri);
map(mysimp, r);
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| end:

_ Inversion spheres, in special coordinates

> 1nvls := cartToSpec(invlc);
inv2s := cartToSpec(inv2c);
inv3s := cartToSpec(inv3c);
invds -= cartToSpec(inv4c);
invbs := cartToSpec(inv5c);

invis := —%\/? %\/? %\/? %\/? %\/?

iv2s=| ~V3 -~y3 Ly3 fy3 L3
6 3 6 6 6

inv3s ;= E-J?f E-J?? —E—J?f E-J?? E-JTT
6 6 3 6 6

invds := %—J?f %—J?? %—J?? —%—J?? %-J?f

invss ;= %\/? %\/? %\/? %\/? -%\/?

; Initial spheres (generators), in special coordinates (= basis vectors by construction)
> 1nitls := cartToSpec(initlc);

init2s := cartToSpec(init2c);

INit3s := cartToSpec(init3c);

init4s := cartToSpec(init4c);

iniths := cartToSpec(init5c);

initis:=[ 1 0 0 0 0 |
init2s:=[ 0 1 0 0 0 |
init3s:=[ 0 0 1 0 0 |
init4s:=[ 0 0 0 1 0 |
initss:=[ 0 0 0 0 1 |

:Spherical inversion (reflection at the 5 inversion spheres) of a general sphere, in special coordinates
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> reflectAt_s([A,B,C,D,E], invls);
reflectAt _s([A,B,C,D,E], 1nv2s);
reflectAt_s([A,B,C,D,E], inv3s);
reflectAt_s([A,B,C,D,E], inv4s);
reflectAt _s([A,B,C,D,E], 1nv5s);

| -AB+A C+A D+A E+A |

[B+A -B B+C B+D B+E]
[C+A B+C -C C+D C+E]
[D+A B+D C+D -D D-I—E]

|E+A B+E C+E D+E -E | )

_Testing -- First generation of spheres (= initial sphere #i reflected at inversion circle #i), in special
| coordinates

> spherells := reflectAt_s(initls, i1nvls);
sphere22s := reflectAt_s(init2s, inv2s);
sphere33s := reflectAt_s(init3s, Inv3s);
sphered44s := reflectAt _s(initd4s, inv4s);
sphere55s := reflectAt _s(initbs, inv5s);

spherells := _ -11111 :
sphere22s:=[1 -1 1 1 1 |
sphere33s := : 11-111 :
spheredds:=|1 1 1 -1 1 |
spherebbs ;= : 1111 -1 : (8)

| ... which is in Cartesian coordinates:

> evalf(specToCart(spherells));
evalf(specToCart(sphere22s));
evalf(specToCart(sphere33s));
evalf(specToCart(sphere44s));
evalf(specToCart(sphereb55s));

[0.,0., 0., 0.101020514 ]
[0.4099776108, -0.4099776108, -0.4099776108, 0.2898979486 ]
[ -0.4099776108, 0.4099776108, -0.4099776108, 0.2898979486 ]
[ -0.4099776108, -0.4099776108, 0.4099776108, 0.2898979486 |
[0.4099776108, 0.4099776108, 0.4099776108, 0.2898979486 | 9)

| Second generation of spheres, in special coordinates




>

spherell2s :=
spherell3s :=
spherell4s :=
spherellb5s :=
sphere22ls :=
sphere223s :=

reflectAt_s(spherells, inv2s);
reflectAt_s(spherells, inv3s);
reflectAt_s(spherells, inv4s);
reflectAt_s(spherells, inv5s);
reflectAt_s(sphere22s, invls);
reflectAt_s(sphere22s, inv3s);

spherell2s:
spherell13s:
spherellds:
spherell15s :
sphere221s :

sphere223s :

(0 -1222]
(02 -122]
(022 -1 2]
(0222 -1
[ -10222]
(20 -122]

(10)



